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Sol®ent diffusion in polymer solutions is one of the main parameters that determine
the drying kinetics of polymer films, especially in the concentrated domain. As is well
known for polymerrsol®ent solutions, sol®ent diffusion coefficients decrease by se®eral
orders of magnitude when the sol®ent concentration decreases. Direct measurements of
these coefficients are complex and time-consuming, and most often dedicated to well-
characterized ‘‘model’’ systems. In this study, another approach is de®eloped that is
based on simple gra®imetric experiments coupled with the modelization of the drying
kinetics and an optimization iterati®e procedure. The sensiti®ity of the method to ®arious

( )errors measurement errors and uncertainties on a priori known parameters is thor-
oughly in®estigated. The method accurately estimates diffusion coefficients on a large
concentration domain, pro®ided a suitable experimental strategy is used.

Introduction

Numerous theoretical and experimental works are dedi-
cated to the analysis of the variation of diffusion coefficients

Ž .with solvent concentration Neogi, 1996 . However, direct
measurements of these coefficients are complex and time-
consuming, and most often dedicated to well-characterized
‘‘model’’ systems. Among those various experimental meth-
ods, one can cite solvent self-diffusion measurements using

Žnuclear magnetic resonance Blum and Pickup, 1987; Wag-
.goner et al., 1993; Bandis et al., 1995 , or probe diffusion

measurements using various techniques: forced Rayleigh
Žscattering Lodge et al., 1990; Frick et al., 1990; Lohfink and

.Sillescu, 1993; Zielinski et al., 1995 , techniques involving flu-
Ž .orescence nonradiative energy transfer Deppe et al., 1996

or Taylor dispersion and phosphorescence quenching
Ž .Wisnudel and Torkelson, 1996 .

Depending on the concentration domain, several theoreti-
Ž .cal approaches have been proposed Waggoner et al., 1993 ,

among which are the framework of the scaling laws for
Ž .semidilute solutions de Gennes, 1979 , and the free-volume

Žtheory for solvent self-diffusion Zielinski, 1996; Vrentas and
.Vrentas, 1998 . Experimental data of solvent self-diffusion

coefficients have been successfully described by free-volume
Žmodels, for various systems Pickup and Blum, 1989; Wag-

.goner et al., 1993; Hong et al., 1997 . However, several
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physicochemical parameters are needed to obtain quantita-
tive estimations with these models, which limit their use to
well-characterized systems. Moreover, since we are inter-
ested in the drying of polymer films, the parameter that char-
acterizes solvent desorption is the solventrpolymer mutual-
diffusion coefficient, D . No general relationship betweenSP
self- and mutual-diffusion coefficients is currently available
and validated on the whole concentration domain, though

Žsome approximated relations have been developed Vrentas
.and Vrentas, 1993, 1998 .

Given these difficulties, it is not possible to get a good esti-
mation of mutual-diffusion coefficients from the literature as
soon as complex systems are considered. For example, indus-
trial varnishes are always a blend of several polymers or
copolymers, and are not necessarily well characterized
Ž .Bouchard et al., 1998 . The aim of this study is to develop an
estimation approach to get the mutual-diffusion coefficient

Žof complex solutions. We make the assumption that the
polymers under study are miscible, and that it makes sense
for a given blend to define a solventrpolymers mutual-diffu-
sion coefficient that depends only on temperature and sol-

.vent concentration in the rubbery domain. Multisolvents are
Ž .not considered here Zielinski and Hanley, 1999 . The pro-

posed method is based on a simple drying experiment, cou-
pled with a process modelization and an optimization ap-
proach. The methodology and the different optimization steps
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are described in the following section. Since we study the
feasibility and robustness of the proposed estimation proce-
dure, we do not use real experimental data but virtual ones.
They are obtained thanks to the numerical simulation of test
problems. These test problems are given in the third section,
together with a short description of a typical drying kinetics.
The fourth section is devoted to the definition of the experi-
mental strategy, that is, the choice of a given set of experi-
ments, that brings enough information for the estimation of
the mutual-diffusion coefficient. In the last section, the
method accuracy and robustness are investigated.

Estimation Method
Experimental procedure

As was said in the Introduction, this article deals with a
feasibility study of the estimation method and is not dedi-
cated to a detailed presentation of the experiments. We just
give some general characteristics of the experimental proce-
dure. We are looking for experiments that are easy to per-
form, but of course sensitive to the property we are inter-
ested in. Previous studies have shown that simple evapora-
tion experiments in ambient air, with continuous recording of
the mass evolution of the polymer solution, are suitable for
our propose: indeed, the mass evolution is sensitive to the
physicochemical parameters of the polymer solutions, and es-

Ž .pecially to mutual-diffusion coefficient Guerrier et al., 1998 .
These preliminary results have been obtained with a precise

Ž y4 .balance resolution of 10 g . The semidiluted solution is
placed in a dish large enough to neglect boundary effects,
with an initial thickness of a few millimeters. Since experi-
ments are performed at room temperature and since the
evaporation flux is not very important, evaporative cooling
was shown to be less than a few degrees. As a consequence,
the variation of D with temperature is neglected. Let usSP
emphasize that these simple gravimetric experiments do not
compare with sophisticated differential sorption gravimetric
experiments in a pressure-controlled chamber that use mi-

Žcrobalance Billovits and Durning, 1993; Bouchard et al.,
.1998 . The drawback of this simple experimental procedure is

to give a global measurement that is integrated on the whole
film thickness. Since important concentration gradients ap-

Ž .pear during the film drying Guerrier et al., 1998 , it is not
Ž .possible to estimate D v directly from the mass evolu-SP S

Ž .tion where v is the solvent weight fraction . An estimationS
approach, using the modelization of the drying kinetics, is
needed.

Optimization
The mutual-diffusion coefficient is obtained by an iterative

procedure, with the following steps: a first arbitrary initial

Ž .estimation D v is chosen. This estimation is used to cal-SP S0

culate the mass evolution, thanks to a model of the drying
process. A criterion is calculated that evaluates the distance
between experimental and calculated mass on the whole time
horizon. Then an optimization algorithm leads to a new esti-

Ž .mation of D v that reduces the criterion value. The en-SP S
tire procedure is then started again, until convergence. Given
this general framework, we detail some specific points in the
following.

Parameterization. A continuous expression of the un-
Ž .known function D v is needed by the drying model. TwoSP S

different parameterizations have been used in our study. The
first one uses cubic splines. The interpolation points are ir-
regularly distributed: the interval magnitude decreases with
v according to a geometric progression. The proportion ofS
the geometric progression and the number of intervals have
been chosen in order to get a negligible error between the

Ž .original function D v of our virtual test problem and itsSP S
parameterization.

Eight intervals are used in our study, and then we face an
Žoptimization problem with nine unknown parameters, p 0i

.F iF8 , where p is the decimal logarithm of D at the ithi SP
Ž .interpolation point with increasing i for increasing v . TheS

Ž .function D v and the definition of the nine interpolationSP S
Ž .points are given in Figure 1 continuous line and Table 1.

The second parameterization uses a model based on the
Ž . Žfree-volume theory to get D v solvent self-diffusion co-self S

. Ž .efficient coupled with a model expressing D v fromSP S
Ž . Ž .D v Vrentas and Vrentas, 1998 . As previously said, itself S

is most often impossible to get all the physical parameters
required by these models, so that in the estimation procedure

Ž . Ž .we only use the shape of the functions D v and D v ,self S S P S
which leads to a five-parameters optimization problem:

v Ž .Three unknown parameters p , p , and p to describe0 1 2
Ž 2 .the evolution of D m rs vs. v :self s

p v q p1 s 0
D sexp ; 1Ž .self ž /v q ps 2

v Ž .Two unknown parameters p and p to get D from3 4 S P
Dself

1yw 1y2 xw qw rpŽ .Ž .s s s 4
D s D , 2Ž .SP self2p w q 1yw 1q2wŽ .Ž .3 s s s

where w is the solvent volume fraction and x is the Flory-s
Huggins interaction coefficient, which is assumed to be known
in this study.

These five independent parameters are easily deduced from
the theoretical expressions of D and D . The advantageself S P

Table 1. Error Estimation for Cubic Spline Parameterization

Indices 0 1 2 3 4 5 6 7 8

1 v 0 0.021 0.051 0.094 0.155 0.242 0.367 0.545 0.800s
2 p y13.49 y12.30 y11.30 y10.50 y9.89 y9.46 y9.20 y9.10 y9.23i

< <3 D p with exact data 0.05 0.01 0.03 0.06 0.08 0.05 0.01 0.04 0.12i
< <4 D p due to errors on q 0.15 0.04 0.1 0.02 0.16 0.03 0.02 0.12 0.3i j
< <5 D p due to meas. errors 0.05 0.01 0.007 0.003 0.002 0.001 0.002 0.003 0.006i

< <6 Total D p 0.2 0.05 0.1 0.02 0.16 0.03 0.02 0.12 0.3i
7 Relative error on D 0.6 0.1 0.3 0.05 0.4 0.07 0.05 0.3 1s p
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Figure 1. Estimation results, with uncertainty on hm
( ) (I10% — h s h s 0.005 mrrrrr s cubicm m 2

)splines parameterization .

of this second parameterization is to use known physical
knowledge on the behavior of diffusion coefficients. The di-
mension of the optimization problem is small, 5 parameters,
that amounts to 3 as shown by a preliminary sensitivity study:
as expected for polymer solutions, p and p affect the high3 4
dilution domain only, and can be assessed to arbitrary values

Ž .in the problem under study Doumenc et al., 1999 . Its draw-
back, which is the counterpart of its advantage, is that it de-
pends strongly on the validity of the theoretical model, which
is not entirely validated in the case of the mutual-diffusion
coefficient, especially for complex solutions. However, failing
to find physical significance for the estimated parameters, the
domain scanned by these equations may be thought large
enough to include most of the diffusion laws, that is, Eq. 2
can be tested as a general-fit law.

For clarity, the results are detailed for the splines parame-
terization, which is more difficult to handle from the opti-
mization point of view. A comparison with the parameteriza-
tion based on the free-volume model is made at the end of
the article.

Ž .Drying Model. Given the estimation of D v at theSP S
current iteration, the drying model calculates the mass evolu-

Ž .tion m t corresponding to the test problem under study. This
model must describe the diffusion of the solvent through the
varnish layer, the moving interface, and the coupled heat and
mass transfers between the interface and the drying air. The

Ž .corresponding equations are given in Guerrier et al. 1998 .
The main assumptions of this drying model are the following:

Žthe solvent diffusion through the film is 1D and Fickian rub-
.bery state , and local thermodynamical equilibrium is as-

Ž .sumed. The solution temperature, T t , is obtained by solving
a thermal balance, taking into account solvent evaporation
and exchange with the ambient air. The solvent partial pres-
sure vapor depends both on temperature and solvent concen-

tration, through the Flory-Huggins model. Since the estima-
tion procedure requests the use of the drying model very fre-
quently, it is crucial to optimize the CPU time. The resolu-
tion method uses a finite volume approach. A pure implicit
time scheme was chosen because of its stability. Due to the
important concentration gradient near the interface, and in
order to limit the total number of finite volumes, an irregular
grid based on a geometrical progression was used for space
discretization. A Landau transformation was used to deal with
the moving-boundary problem. The set of nonlinear algebraic
equations issued from the finite volume discretization was
solved at each time step by the Newton-Raphson algorithm.

Known Parameters. To test the validity of this estimation
method thoroughly, we did a prior sensitivity study, in order
to analyze the effect of all the parameters on the problem

Ž .output, that is, the mass m t . Among these parameters, we
Ž .consider not only the n unknown parameters p 0F iF ny1i

corresponding to the parameterization of D but also the aSP
Ž .priori m known parameters q 0F jF my1 . Indeed, be-j

sides the mutual-diffusion coefficient, D , several other pa-SP
Žrameters are involved in the drying model Guerrier et al.,

.1998 . They are assumed to be known in the estimation pro-
cedure, with some uncertainty. These q parameters are thej

T Ž .following: q s T , h , h , V , V , x , where T is the dry-a th m P S a
ing air temperature, h and h are the heat- and mass-th m
transfer coefficient between the film interface and the drying
air, V and V are the specific polymer and solvent volumes,P S
and x is the Flory-Huggins interaction parameter.

The uncertainties on the other parameters were shown to
give a negligible outcome on the estimation of D .SP

Criterion. The criterion to be minimized evaluates the rel-
Ž .ative distance between the measured mass, M t , and the

Ž .mass obtained with the drying model, m p,q,t , for a given
Ž .estimation of D v , that is, a given vector of unknownSP S

parameters p:

2N Kexp l m p ,q ,t y M tŽ . Ž .l k l k
J p ,q s q R p , 3Ž . Ž . Ž .Ý Ý M tŽ .l kl s1 k s1

Ž .T Ž .Twhere ps p , p , . . . , p and qs q , q , . . . , q ;0 1 ny1 0 1 my1
N is the number of experiments; K is the number of mea-exp l
surements for the lth experiment; t s t is the duration ofl K l

the lth experiment; n is the dimension of the nonlinear opti-
mization problem, with ns9 or ns3 when using the cubic
splines parameterization or the free-volume parameteriza-

Ž .tion, respectively; and R p is a regularization term, usually
used in estimation problems to increase the stability of the
numerical procedure when the problem is badly conditioned.
The regularization term introduces a priori knowledge on the
behavior of the parameters to be estimated. In our problem,
since we know that the mutual-diffusion coefficient varies lit-
tle in the dilute domain, we consider the following regulariza-
tion term:

2
­ log D p ,vv w xŽ .S SP S02R p s ar dv , 4Ž . Ž .HS S0 ½ 5­rv Sr
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where r and v are the initial solvent concentration andS S0 0

weight fraction, respectively. The regularized domain is de-
fined by v F v F v . In the following, the regularizationr S S0

weight, a , is zero except when explicitly said.
Minimization Algorithm. To minimize J, we used the Lev-

enberg-Marquardt algorithm, which is a classic method for
Žthe nonlinear unconstrained optimization problem Walter

.and Pronzato, 1997 . This algorithm ensures a good compro-
mise between robustness and rapidity. The method is itera-
tive; the new estimation of the vector p at the iteration itq1

Žis deduced from the values of p, the gradient first deriva-
. Ž .tive , and the Hessian second derivative of J at the iteration

it. The Hessian is estimated with the Gauss-Newton approxi-
mation. The numerical estimations of the gradient and the
Hessian are performed with finite differences, and require
several numerical resolutions of the drying model, which un-
derlines the necessity to get a short CPU time for this model.

Several convergence tests are checked before stopping the
iterative procedure: the gradient norm I=J I, the criterion

< Ž i tq1. Ž i t . < Ž i tq1.variation J y J , and parameter variation I p y
pŽ i t .I between the two last iterations must all be less than
the given tolerances. One of the difficulties encountered dur-
ing this optimization is the possible divergence of the drying
model. Indeed, for some estimation of the vector p, the nu-
merical resolution of the drying model fails. In that case, we
use the specific strategy of the Levenberg-Marquardt algo-
rithm. The relaxation factor of the algorithm is multiplied by
ten and the procedure is reiterated from the previous itera-
tion step. In addition, as often encountered in iterative opti-
mization methods, the maximum value of the parameter vari-
ation between two iterations is bounded.

Test Problems
As was said in the Introduction, the analysis of the estima-

tion procedure is not performed with real experimental mass
measurements, but with virtual ones, obtained thanks to the
simulation of various test problems. These test problems are
close to the expected experimental conditions. Evaporation
in ambient air of a polymer solution at room temperature is
studied. The initial solvent weight fraction is 0.8 and the ini-
tial thickness lies between 1 and 30 mm. The order of magni-
tude of the heat- and mass-transfer coefficients are evaluated

Ž .from experiments with pure solvent Guerrier et al., 1998 , in
Ž .various configurations diffusive or convective regimes . For

the different configurations, good reproductibility was ob-
Ž .tained experimentally in the determination of h "10%m

Ž .and h "20% . In order to get the typical shape of D vs.th SP
concentration in polymer solutions, we used the free volume

Ž .model cf. Table 1 and Figure 1 . Toluene is the solvent.
The values of the q parameters are the following:j

T s208C , V s1,15=10y3 m3rkg, V s0,97=10y3 m3rkg,a S P

2
x s0.43y0.31 1yw y0.036 1yw ,Ž . Ž .S S

h s100 Wrm2rK.th

ŽThe heat-transfer coefficient expresses the thermal ex-
changes between the system and the environment. The main

Figure 2. Simulation of the solvent content per unit area
( ) ( )for: e s1 mm, h s h t Eq. 5 .0 m m

contribution is due to the thermal contact between the dish
.and the balance.

Different mass-transfer coefficients have been considered:
Ž .in the first case h , the transfer in the ambient air, is as-m1

sumed to be mainly diffusive. The time of establishment of
the quasi steady state in the gas phase is taken into account

Ž . Žthrough a time-variable mass-transfer coefficient h t t inm
.seconds :

3 3h t s h = 1q0.406 exp y tr10 q0.255 exp y4 tr10Ž . Ž . Ž .m m1

3q0.298 exp y9tr10 , 5Ž .Ž .

with h s9.5=10y4 mrs.m1
Ž .The two other cases constant coefficients h and hm m2 3

correspond to the convective regimes due to typical air veloc-
ity in a laboratory extractor hood: h s5=10y3 mrs, h sm m2 3

10y2 mrs.
To illustrate a typical drying kinetics, we first present the

drying simulation for the following test problem: e s1 mm,0
Ž .v s0.8, h s h t . The time evolution of the solvent con-S m m0

tent per unit area and of the mass flux are given in Figures 2
and 3. This global mass evolution is the information used in
the optimization procedure. Figure 4 shows the solvent weight

Ž .fraction profile in the layer at different times semilog scale ,
not reachable in our simple gravimetric experiments. As can
be seen, the drying kinetics is characterized by two distinct
regimes: in the first part, the solvent mass decreases rapidly.

Ž .During this ‘‘fast’’ regime tF1 h 45 min , the solvent weight
fraction in the film and at the airrfilm interface is such that
both the solvent activity and the diffusion coefficient are still
quite high, so that important diffusion and evaporation flux

Žtake place. On the other hand, in the second part t)1 h 45
.min , as the diffusion coefficient decreases significantly for

Ž .solvent weight fraction smaller than 0.1 cf. Figure 1 , diffu-
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Figure 3. Simulation of the solvent mass flux.
Same configuration as Figure 2.

sion becomes too slow to allow sufficient regeneration of sol-
vent at the interface. As a consequence, there is a large de-
crease in the mass flux and a strong concentration gradient
appears in the film, as shown on Figures 3 and 4. The first
regime is mainly driven by the transfers with the ambient air,
while the slow regime kinetics is dominated by the solvent
diffusion through the layer.

Experimental Strategy
This section deals with the definition of the experimental

strategy required by the estimation problem: the objective is

Figure 4. Simulation of the solvent weight fraction pro-
file.
Same configuration as Figure 2.

to get an estimation of the whole vector of the unknown pa-
rameters p, which is not very sensitive to the uncertainties on
the a priori known parameters q.

To get reasonable experimental time, we limit the drying
duration t to 60 h for the whole study. Preliminary tests were

wmade for the test problem described previously Figure 2: e0
Ž .xs1 mm, v s0.8, and h s h t . With a horizon of 60 h,S0 m m

the solvent concentration at the end of the drying period is
close to zero, so that the drying kinetics is sensitive to the

Ž .diffusion coefficient D v with v varying from v to 0.Sp S p S0
ŽIf no error is introduced in the identification process that is,

the uncertainties of the q parameters and the measurementj
.errors are assumed to be negligible , the algorithm always

converges toward the exact solution, whatever the initial esti-
Ž y13 2 y9 2 .mation D D constant s10 m rs or 10 m rs .SPO S P0

In a second step, we took into account the uncertainties on
the q parameters by introducing an error of 10% on thej
mass-transfer coefficient, which is one of the key parameters
that control the first regime. With the introduction of such
an error, the estimation completely failed, whatever the pa-
rameterization and the initial estimation. That is why an ac-
curate analysis is needed to elaborate an experimental strat-
egy suitable for our estimation problem.

Sensiti©ity function analysis
In order to get a better understanding of the main difficul-

ties of the estimation, the behavior of various sensitivity func-
tions was thoroughly analyzed. The sensitivity function of the
model output to the unknown parameter p is defined asi

< <p ­ m p , q , tŽ .i
Q p , q , t s . 6Ž . Ž .pi m p , q , t ­ pŽ . i

< <Because of the absolute value, p , the sensitivity functioni
and the derivative of the model output have like signs. The
sensitivity functions for the known parameters q are definedj
in the same way. Before analyzing the behavior of the sensi-
tivity functions of this estimation problem, let us recall some
general points. Suppose the sensitivity function associated
with a given parameter is very small compared to another, on
the overall time range of the experiments, the effect of this
low-sensitivity parameter will be hidden by the large one, and
the problem will be ill-conditioned. In the similar way, if some
of the sensitivity functions are ‘‘almost’’ linearly dependent
on the overall horizon, different sets of parameters give al-

Ž .most the same model output ill-conditioned problem .
Let us now consider the sensitivity functions computed with

Ž . Ž .e s1 mm, v s0.8, and h s h t Figure 5 . The higher0 S m m0

the sensitivity function’s absolute value, the higher the effect
of the parameter on the model output. The maximum of Qhm

Žis obtained at ts1 h 36 min. For tF2 h, the Q that is, thepi
.effect of the diffusion coefficient are very weak, compared

to Q : Q , Q , and Q , which correspond to high v , areh p p p Sm 6 7 8

one order of magnitude smaller than Q . After this delay,hm

we turn to the opposite situation: Q rapidly decreases andhm

becomes smaller than Q . This is a consequence of thep , iF 3i
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Figure 5. Sensitivity functions for: e s1 mm, h s0 m
( )h t .m

For clarity, the variations obtained for the various Q arepi
drawn on separate graphs.

two regimes described previously: the evaporation process is
first driven by the solvent transfer in the air above the solu-
tion, described by h , and is then driven by the diffusion.m
That is the reason why the algorithm is not robust to a little
perturbation on h in the experimental configuration used inm
the preliminary test. Indeed, a small error on h leads to am
large error on the parameters describing D in the dilutesp
domain, since the minimization algorithm tries to balance the
error on h and to fit the experimental data, thanks to D .m sp

At this stage of the sensitivity study, one can conclude that
the experimental conditions must be chosen so that the mass
transfer in the gas phase does not conceal the diffusion in the
high solvent concentration domain corresponding to the be-
ginning of the drying. To modify the kinetics of this first
regime, one can change various parameters: the initial thick-
ness, the mass-transfer coefficient, and the initial solvent
concentration. Figure 6 shows the sensitivity functions com-

wputed with the initial thickness multiplied by ten e s10 mm,0
Ž .xv s0.8, h s h t . The parameters corresponding to theS0 m m

dilute domain} p excepted}now exhibit sensitivity func-8
tions close to Q . This result is in agreement with what wehm

are looking for. Another promising result lies in the change

Figure 6. Sensitivity functions for: e s10 mm, h s0 m
( )h t .m

in the positions of the Q : the distance between the extremapi

increases, so that there is no linear dependence between the
functions Q to Q ; each parameter p controls a part ofp p i7 2

the drying curve. Indeed, as drying progresses, the concentra-
tion decreases and the p , which correspond to different sol-i
vent mass fractions, dominate one after the other.

Despite the undeniable improvement brought by switching
the initial thickness from 1 mm to 10 mm, all the difficulties
are not solved, as shown, for example, in Figure 6. First, Qp8

is still small compared to Q , and a quasi linear dependencehm

between Q and Q can be suspected. Moreover, and thisp p8 7

point is the most critical, Q and Q are close to zero in thep p1 0

entire time range, so that they cannot be estimated from this
experiment. This is due to the experimental horizon chosen,
t s60 h, which is not sufficient for the concentrated domain
to be explored. Let us emphasize that, since the diffusion
characteristic time is inversely proportional to e2, the re-
quired experimental time should be at least several weeks.
We conclude that to get enough information on the entire
concentration domain, several experiments have to be per-
formed, with different initial thicknesses. Experiments on
small and large thicknesses give information on the concen-
trated and dilute domain, respectively. This approach will be
tested by numerical simulations in the next section.
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Figure 7. Sensitivity functions for: e s10 mm, h s0 m
h s0.01 mrrrrrs.m3

The second parameter to be investigated in the sensitivity
study is the mass-transfer coefficient h . The sensitivitym
functions shown in Figure 7 were computed with a mass-
transfer coefficient about one order of magnitude higher
Ž .h s0.01 mrs, e s10 mm, and v s0.8 . Increasing hm 0 S m3 0

makes the solvent transfer in the gas phase easier, so the
duration of the first regime is smaller. As a consequence, the
sensitivity functions of the parameters describing the diffu-

Ž .sion coefficient in the dilute domain Q to Q are muchp p8 6

larger than Q , which is close to zero on the overall timehm

horizon. On the other hand, the sensitivity functions corre-
Ž .sponding to the concentrated domain Q to Q are weaklyp p3 0

modified by a change in h . This confirms and completes them
conclusion already pointed out: multiple experiments with
different initial thicknesses are needed to get information on
the whole concentration domain. Moreover, increasing hm
leads to a much better estimation in the dilute domain. Then
one could expect that most of the difficulties are solved by a
suitable experimental strategy, except the quasi linear depen-
dence between Q and Q .p p7 8

The initial solvent weight fraction v is the last parameterS0

investigated. Qualitatively, v has the same effect on theS0

sensitivity functions as e . For a given experimental horizon,0
Ž .the sensitivity functions in the dilute concentrated domain

Ž .increases decreases when v decreases. However, forS0

practical reasons, it is not possible to decrease the initial sol-
vent concentration a great deal, since the solution viscosity
would increase too much. Moreover, decreasing v leads toS0

a restriction of the concentration domain covered by the
identification. For these reasons, we assessed a value of 0.8
to v throughout the present study.S0

Estimation with multiple drying experiments
In the second step, the conclusions obtained from the sen-

sitivity study on the required experimental strategy were con-
firmed by numerical simulations. First, whatever the number

Žof experiments up to five, with e s1, 3, 10, 30, and 1000
.mm , the optimizations corresponding to the mass-transfer

Ž . Ž .coefficient h t mainly diffusive regime failed as soon asm
an error of 10% was introduced on h . Simulations werem1

Ž .then performed with h convective regime , for various ex-m2

perimental configurations: 2F N F4 and 1F e F30 mm.exp 0
Except for the ‘‘N s2, e s1, and 3 mm’’ case, the conver-exp 0
gence of the optimization algorithm was obtained for all the
tested configurations. The corresponding results are shown
on Figure 1. As expected, the effect of the uncertainty on hm
is mainly located in the dilute domain. It decreases when
greater thicknesses are taken into account. With a mass-
transfer coefficient that is two times higher, h s h , con-m m3

vergence was obtained, even for the configuration ‘‘N s2,exp
e s1, and 3 mm,’’ but with a large error at v s0.8. The0 S
other configurations led to very good results, close to the ref-
erence solution.

Algorithm Robustness
Methodology

The previous results have shown the feasibility of the esti-
mation method, provided a suitable experimental strategy is
performed. In this last section, we study the robustness of the
proposed algorithm, and we thoroughly analyze the conse-
quences of all the errors that may affect the optimization
process:

v Modelization errors: Some assumptions that could be
partly invalidated in a real experiment have been made in

Ž .building the drying model Guerrier et al., 1998 . This point
is not studied in this article; however, some of the assump-
tions are taken into account indirectly through the errors on
the known parameters q. For example, the uncertainty about
the mass transfer h may correspond partly to an invalida-m
tion of the assumption of a spatially uniform coefficient.

v Numerical errors: These errors come from the numerical
resolution of the drying model. A preliminary study has been
done in order to choose a spatial grid and a time step small
enough to make these errors negligible.

v Parameterization errors, due to the modelization of D bySP
a gi®en cur®e, with a finite number of parameters, p : This errori
can easily be neglected in the spline parameterization, by set-
ting enough interpolation points. In the free-volume parame-
terization, the possible error is inherent in the choice of this
model.

v Errors on the known parameters q : For each parameterj
q , a range of variation has been estimated, with q F q Fj j jmin
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Table 2. q Parameters for Tests 1 and 2j

h h u V Vm t s p
Ž . Ž . Ž . Ž . Ž .Test Case % % 8C x % %

1 q10 q20 q0.2 x s0.5 y3 y6
2 y10 y20 y0.2 x s0 q3 q6

Žq . The ‘‘true’’ q that is, the q used to build the virtualj j jma x
.experimental data is the mean value, except for the Flory

interaction parameter x : the virtual data were built with an
interaction parameter x that varies with the solvent concen-

Ž .tration cf. the test problem section , and the error analysis
Ž .was performed with a constant x 0F x F0.5 . Then, for each

parameter, the estimation was performed with q s q andj jmin

q s q with the following configuration: h s h , N sj j m m expma x 3

3, and e s1, 3, 10 mm. Finally, we defined two tests with0
cumulative errors: for each parameter q , we chose the boundj
Ž . Ž .q or q that underestimates D test 1 or, just oppo-j j SPmin max

Ž .site, overestimates D test 2 . Errors on x , V , and V wereSP s p
estimated from dispersion of data from the literature, while
errors on h and h came from the reproducibility analysism th
of drying experiments with pure solvent. The values corre-
sponding to these two tests are given in Table 2.

v Measurement errors: The usual assumptions have been
made for the description of the measurement errors. They
are modelized by white Gaussian noise, with constant stan-

Ždard deviation 10 mg, which leads to a standard deviation of
2 .2 grm in the test problem under study . The corresponding

uncertainties on the parameters p are deduced from the Fis-i
cher matrix. Let us notice that, since the standard deviation
is constant, we should have used an absolute criterion instead
of a relative one, in the sense of the maximum likelihood
Ž .Walter and Pronzato, 1997 . The uncertainties evaluated with
the two criteria are very similar. That is why we have used a
relative criterion in this study; it is more stable from the nu-
merical point of view. Since these uncertainties change very
little when q varies, the total uncertainty is estimated byj

Žadding the two components that is, the uncertainties in-
duced by the errors on the parameters q and by the mea-j

.surement errors . Finally, to make sure that these random
errors do not affect the convergence of the algorithm, some
simulations have been made with noisy data, obtained by
adding white Gaussian noise to the virtual data of the test
problem.

Error estimation
Ž .The results of the first test cf. Table 2 are given in Figure

8. As can be seen, without regularization, the estimation is
very accurate in the concentrated domain, but large oscilla-

Ž .tions appear in the dilute domain circle symbol , though all
the convergence criteria are satisfied. These oscillations do
not appear when only one parameter q is perturbed, and arej
due to the cumulative effects of the errors on all the q . Aj
more detailed analysis shows that this phenomenon is due to
the poor condition number of the Hessian, which is about
10y6. This can be correlated to the ‘‘almost’’ linear depen-

Ž .dence of the sensitivity functions Q and Q Figure 7 .p7 p8

As previously noted, we add a regularization term to the
Ž .criterion to overcome this problem cf. Eqs. 3 and 4 . The

choice of the optimal regularization weight, a , is a tricky

Figure 8. Estimation results: influence of the regulariza-
(tion weight a —test 1 cubic splines parame-

)terization .

problem in nonlinear optimization. We set a empirically by
increasing it until the oscillations are almost eliminated. We
also checked that an accurate determination of the regular-
ization parameters, a and v , is not needed. This is illus-r
trated in Figure 8: the value a s0.01 is clearly too weak,
while the results obtained with a s0.1 or 1 are satisfactory.
The Hessian condition number is now 6=10y5, and the regu-

Ž . Žlarization term R p is about 1% of the total criterion J p,
.q . The influence of the size of the regularized domain has

also been investigated. Qualitatively, similar results are ob-
tained with a s1, v s0.3, and a s10, v s0.6.r r

Finally, the same test was performed with noisy measure-
ments, with no change in the results. Concerning the second

Ž .test cf. Table 2 , the estimation was easier, since no oscilla-
tions appeared. Results with or without regularization, and
with or without noisy measurements are similar and very close
to the reference solution.

These results are summed up in Figure 9 and Table 1, which
gives the uncertainty of the estimated p due to the variousi
errors considered. These results correspond to the regular-
ized criterion, with a s1 and v s0.3. The two first linesr
give the abscissa and ordinate of the reference p used toi
generate the ‘‘ virtual’’ experimental data. Line 3 corresponds
to the optimal case, with no measurement errors and true
values of q . The estimated solution in very close to the refer-j
ence one. The fourth line gives the maximal error obtained
with test 1 or 2. Line 5 corresponds to the 95% confidence
band due to the measurement errors, and deduced from the
Fischer matrix. The effect of measurement errors is weak, as
confirmed by simulations with noisy data. Finally, lines 6 and
7 give the total error on p and the magnitude of the relativei

< <error on D : D y D rD . The accuracy is good inSP ref estimated ref
the whole concentration domain, with a relative error of less
than one, while D varies by about four orders of magni-SP
tude. Let us notice that, for the test problem under study,
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Figure 9. Estimation results for tests 1 and 2—noisy
(measurements cubic splines parameteriza-

)tion .

these results were quite easily obtained for the concentrated
domain, while the diluted domain was more difficult to han-
dle, as expected from the sensitivity study. As shown in Fig-
ure 10, the output error is mainly located at the beginning of
the drying, when the kinetics still depends on the mass-trans-
fer coefficient, h .m

These results have been obtained for various initial estima-
w y11 y8 2 xtions D constant g 10 , 10 m rs . The CPU timeSP0

depends on the initial estimation, and is about 20 to 40 h
with a workstation IBM RS6000 Power 2.

Free-Volume Parameterization
The same methodology was used to analyze the behavior

of the estimation method, with the free-volume parameteri-
zation. The sensitivity study leads to the same experimental
strategy. Most of the results are qualitatively similar, so we
do not cite the whole study and focus on the errors analysis.
Estimation results for tests 1 and 2 are given in Figures 11
and 12. The relative difference between the reference and
estimated diffusion coefficient is always less than one, as with
the spline parameterization. As previously, the errors on the
estimated p due to measurement errors were found negligi-i
ble compared to the one due to uncertainty on the q . Thisj
was confirmed by simulations with noisy data.

Let us emphasize that this parameterization is more
‘‘robust,’’ in the sense that no regularization is needed, since
the shape of the estimated function is defined by the parame-
terization. Moreover, the CPU time is two or three times
smaller than with the splines parameterization.

Conclusion
In this study, an optimization method coupled with very

simple gravimetric experiments was shown to give an accu-

(Figure 10. Model output error—test 1 cubic splines
)parameterization .

Ž .rate estimation of the mutual-diffusion coefficient, D v ,SP S
Ž .on a large concentration domain 0F v F0.8 , and espe-S

cially in the concentrated domain. The sensitivity of the
Žmethod to various errors namely, measurement errors and

Figure 11. Estimation results for tests 1 and 2—noisy
(measurements free volumes parameteriza-

)tion .
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(Figure 12. Relative error on D free volumes param-SP
)eterization .

.uncertainties on a priori known parameters has been investi-
gated. The method is robust, provided a suitable experimen-
tal strategy is used. Indeed, the various analyses performed
have stressed the great sensitivity of the estimation proce-
dure to the parameters that characterize the transfer be-
tween the interface and the drying air. This difficulty may be
overcome by coupling several experiments with different
thicknesses, and by having a high mass transfer coefficient.
On the other hand, the estimation is not sensitive to random
measurements errors. Two parameterizations of the mutual

Ž .diffusion coefficient D v have been compared: the firstSP S
one uses cubic splines; the second one uses the free-volume
theory. The first parameterization is more general, but the
second one is easier to handle, since it contains implicit regu-
larization. From the numerical point of view, it was crucial to
minimize the CPU time of the drying model and to ensure its
stability, in order to limit the total CPU time of the estima-
tion procedure, which is still more than 10 h. In the next step
of this study, the estimation method will be tested on real
experimental data, obtained using the experimental strategy
defined in this article.
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